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Abstract
In this paper we nd two distinct combinatorial interpretations for a family of summations
with several free parameters. In one case we used partitions with attached parts and in the other
partitions with ‘N copies of N’. There are interesting special cases including a description for a
new set of partitions with the same cardinality of the one whose parts are congruent to j (mod k).
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1. Introduction
In a series of two papers Slater [7,8] gave more than 100 identities. To prove those
identites the use of Heine’s q-analog of Gauss summation formula was fundamental
(Corollary 2:4, p. 20 in Andrews [2]).
1X
n=0
(a; q)n(b; q)n
(c; q)n(q; q)n
 c
ab
n
=
(c=a; q)1(c=b; q)1
(c; q)1(c=ab; q)1
; (1.1)
where we use the standard notation
(A; q)n = (1− A)(1− Aq) : : : (1− Aqn−1)
and
(A; q)1 =
1Y
n=0
(1− Aqn); jqj< 1:
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To prove our main theorem we use, also, this formula to get two distinct descriptions
for partitions in parts that are congruent to j (mod k).
Among the identities given by Slater are the two famous Rogers{Ramanujan identi-
ties that were generalized by Gordon [5] in 1961.
In a recent paper by Andrews and Santos [4] in 1997 a new family of partition
identities was given including two of the Slater’s identities as special cases. In this
family there are descriptions of partitions with attached odd parts.
In Theorems 2 and 3 we have, also, results in which attached parts occur.
Some results in the theory of partitions have been obtained by using multisets.
Among them we have, due to MacMahon [6], that
1X
n=0
(n)qn =
1Y
n=1
1
(1− qn)n ;
where (n) denotes the number of plane partitions of n which is equal to the number
of partitions of n with parts in the multiset
M0 = f11; 21; 22; 31; 32; 33; 41; 42; 43; 44; : : :g:
In Section 2 we give a combinatorial interpretation for a sum with four free param-
eters. In Section 3 we have a combinatorial interpretation, using attached parts, for a
specialization of the sum given in Section 2. In Section 4 we present our main result.
In Section 5 we have som interesting special cases.
2. Partitions with parts in multisets
We dene for j; k; l>1; 2l  0 (mod k) and i62(l− 1) the following set:
Ai;j; k; l = f(ak + rj + 2l− i − 1)rj+2l−i−1 2M0ja; r>0g:
Theorem 1. Let f(n) denote the number of partitions of n in distinct parts belonging
to Ai;j; k; l such that when  = (ak + rj + 2l− i − 1)rj+2l−i−1 and  = (bk + sj + 2l−
i − 1)sj+2l−i−1 are consecutive parts; >; ak>(b+ s)k + 2l. Then;
1X
n=0
f(n)qn =
1X
n=0
qln
2+(l−i−1)n
(qj; qk)n(qk ; qk)n
: (2.1)
Proof. We dene f(m; n) to be the number of partitions of the type enumerated by
f(n) with the added restriction that the number of parts is exactly m. Then the fol-
lowing equation is veried by f(m; n):
f(m; n) =f(m; n− km) + f(m− 1; n− 2lm+ i + 1)
+f(m; n− km+ k − j)− f(m; n− 2km+ k − j): (2.2)
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To prove this we split the partitions enumerated by f(m; n) into three classes: (a) those
in which there is no part of the form RR, (b) those in which (2l − i − 1)2l−i−1 is a
part and (c) those in which RR is a part for R> 2l− i − 1.
If in those from class (a) we subtract k from each part without changing the sub-
script we are left with a partition of n − km in exactly m parts and these are the
ones enumerated by f(m; n − km). From those in class (b) we drop the element
(2l− i − 1)2l−i−1 and subtract 2l from each of the remaining parts, keeping the sub-
script. In doing so we are left with a partition of n−2lm+ i+1 in exactly m−1 parts
and these are the ones enumerated by f(m− 1; n− 2lm+ i+1). Finally from those in
class (c) if we replace the element RR by (R− j)(R−j) and subtract k from each of the
remaining parts without changing the subscript, we get a partition of n − km + k − j
which is enumerated by f(m; n− km+ k − j). We have to observe that by this trans-
formation we get only those partitions of n − km + k − j into m parts which contain
a part of the form ‘RR’ with R>2l − i − 1. For this reason the partitions of class
(c) can be put in an one to one correspondence with those that are enumerated by
f(m; n− km+ k − j)− f(m; n− 2km+ k − j).
The transformations just described are possible by the following reasons:
(i) since the elements in class (a) do not have a part of the form ‘RR’, all of its
parts are, then, of the form (ak + rj + 2l− i − 1)rj+2l−i−1, with a>1.
(ii) the parts of a partition in class (b) that are distinct from (2l− i − 1)2l−i−1 are
greater than or equal to 4l − i − 1 because of the restriction given in the theorem,
namely, that for (ak + rj+ 2l− i− 1)rj+2l−i−1 + (2l− i− 1)(2l−i−1) we have ak>2l.
Furthermore, we can keep the subscript since ak − 2l  0 (mod k).
(iii) due to the transformation done in class (a), the partitions of n−km+k− j with
m parts which have no parts of the form ‘RR’ are enumerated by f(m; n−2km+k−j).
Now we dene
F(z; q) =
1X
n=0
1X
m=0
f(m; n)zmqn
and using (2.2) we get:
F(z; q) =
1X
n=0
1X
m=0
f(m; n− km)zmqn +
1X
n=0
1X
m=0
f(m− 1; n− 2lm+ i + 1)zmqn
+
1X
n=0
1X
m=0
f(m; n− km+ k − j)zmqn
−
1X
n=0
1X
m=0
f(m; n− 2km+ k − j)zmqn
=
1X
n=0
1X
m=0
f(m; n− km)(zqk)mqn−km
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+ zq2l−i−1
1X
n=0
1X
m=0
f(m− 1; n− 2lm+ i + 1)(zq2l)m−1qn−2lm+i+1
+ qj−k
1X
n=0
1X
m=0
f(m; n− km+ k − j)(zqk)mqn−km+k−j
− qj−k
1X
n=0
1X
m=0
f(m; n− 2km+ k − j)(zq2k)mqn−2km+k−j
= F(zqk ; q) + zq2l−i−1F(zq2l; q) + qj−kF(zqk ; q)− qj−kF(zq2k ; q): (2.3)
Assuming that
F(z; q) =
1X
n=0
(q; n)zn
and using (2.3) we may compare coecients of zn obtaining:
(q; n) = qkn(q; n) + q2ln−i−1(q; n− 1) + qkn−k+j(q; n)− q2kn−k+j(q; n);
i.e.
(1− qkn − qkn−k+j + q 2kn−k+j)(q; n) = q2ln−i−1(q; n− 1):
Therefore,
(q; n) =
q 2ln−i−1
(1− qkn)(1− qkn−k+j)(q; n− 1) (2.4)
and observing that (q; 0) = 1 we may iterate (2.4) to get
(q; n) =
qln
2+(l−i−1)n
(qj; qk)n(qk ; qk)n
:
From this
F(z; q) =
1X
n=0
qln
2+(l−i−1)nzn
(qj; qk)n(qk ; qk)n
and we can nish the proof by observing that
1X
n=0
f(n)qn =
1X
n=0
1X
m=0
f(m; n)qn = F(1; q) =
1X
n=0
qln
2+(l−i−1)n
(qj; qk)n(qk ; qk)n
:
3. Partitions with attached parts
If we take l= k on the right-hand side of (2.1) we have
1X
n=0
qkn
2+(k−i−1)n
(qj; qk)n(qk ; qk)n
: (3.1)
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In our next theorem we give a dierent combinatorial interpretation for (3.1). In order
to do this we dene for j; k>1 and 2k − i − 1>1 the following sets:
Bi;j; k = frk + j; (2 + s)k − (i + 1)jr; s>0g:
Theorem 2. Let h(n) denote the number of partitions of n with parts in Bi;j; k which
satisfy:
(a) if ‘rk − (i + 1)’ and ‘sk − (i + 1)’ are parts then jr − sj>2;
(b) tk+j is a part (repetitions allowed) only if ‘(t+1)k−(i+1)’ or ‘(t+2)k−(i+1)’
occurs as a part.
Then for j; k>1 and 2k − i − 1>1 we have f(n) = h(n); i.e.:
1X
n=0
f(n)qn =
1X
n=0
h(n)qn =
1X
n=0
qkn
2+(k−i−1)n
(qj; qk)n(qk ; qk)n
; (3.2)
where i 6= 2k − j − 1 and i 6= k − j − 1.
Proof. First we dene h(m; n) as the number of partitions of the type enumerated by
h(n) with the added condition that the number of parts in each partition is exactly m.
Our goal is to prove that
[
i; j; k
(z):=
1X
n=0
1X
m=0
h(m; n)zmqn =
1X
n=0
znqkn
2+(k−i−1)n
(zqj; qk)n(qk ; qk)n
= :Vi;j; k(z): (3.3)
We have the following functional equation:
Vi;j; k(z)− Vi;j; k(zqk) =
1X
n=0
znqkn
2+(k−i−1)n
(zqk+j; qk)n−1(qk ; qk)n

1
1− zqj −
qkn
1− zqkn+j

=
1
(1− zqj)(1− zqk+j)
1X
n=1
znqkn
2+(k−i−1)n
(zq2k+j; qk)n−1(qk ; qk)n−1
=
zq2k−i−1
(1− zqj)(1− zqk+j)Vi;j; k(zq
2k);
that is,
Vi;j; k(z) = Vi;j; k(zqk) +
zq2k−i−1
(1− zqj)(1− zqk+j)Vi;j; k(zq
2k): (3.4)
We observe that (3.4), together with Vi;j; k(0) = 1, uniquely determines Vi;j; k(z) as a
double power series in z and q.
On the other hand, due to the denition of Bi;j; k and condition (b) of the theorem,S
i; j; k(z)−
S
i; j; k(zq
k) enumerates all those partitions of the type enumerated by
S
i; j; k(z)
that contain any number of j0s attached to an appearance of ‘2k−(i+1)’ or any (k+j)0s
attached to an appearance of ‘2k − (i+1)’ and not to an appearance of ‘3k − (i+1)’.
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This, together with condition (a), tell us that the partitions in
S
i; j; k(z)−
S
i; j; k(zq
k) are
generated by
zq 2k−i−1
(1− zqj)(1− zqj+k)
[
i; j; k
(zq2k):
Considering that
S
i; j; k(0) = 1, we may conclude that (3.3) is true, and to nish the
proof we just observe that
1X
n=0
h(n)qn =
1X
n=0
1X
m=0
h(m; n)qn =
[
i; j; k
(1) =
1X
n=0
qkn
2+(k−i−1)n
(qk ; qk)n(qj; qk)n
:
In our next theorem we have a combinatorial interpretation for the sum on the right-hand
side of (3.2) for the cases not considered in theorem (3.1), namely, for i= 2k − j− 1
or k − j − 1. To do this we dene
Bi; j; k = f[(2 + s)k − (i + 1)]1; [rk + j]2jr; s>0g:
Theorem 3. Let h(n) denote the number of partitions of n with parts in Bi; j; k which
satisfy: (a) if [rk − (i+1)]1 and [sk − (i+1)]1 are parts then jr− sj>2. (b) [tk + j]2
is a part (repetitions allowed) only if [(t + 1)k − (i + 1)]1 or [(t + 2)k − (i + 1)]1
occurs as a part. Then; for j; k>1 and i = 2k − j − 1 or i = k − j − 1; f(n) = h(n).
The proof of this theorem follows by the same arguments used in the proof of
Theorem 2 just adding the subscript 1 to the elements sk − (i + 1) and the subscript
2 to tk + j. For i = 2k − j − 1 we get
1X
n=0
h(n)qn =
1X
n=0
qkn
2+( j−k)n
(qj; qk)n(qk ; qk)n
(3.5)
and for i = k − j − 1
1X
n=0
h(n)qn =
1X
n=0
qkn
2+jn
(qj; qk)n(qk ; qk)n
: (3.6)
4. The main theorem
If in (1.1) we make the following substitution q ! qk ; a; b ! 1 and, after this,
take c = qj we have
1X
n=0
qkn
2+( j−k)n
(qj; qk)n(qk ; qk)n
=
1
(qj; qk)1
: (4.1)
Note that the left-hand side of (4.1) is the same as the right-hand side of (3.5). This
observation, together with Theorems 1 and 3, can be used to prove our next theorem.
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Table 1
h(20) c(20) g(20)
201 2020 20
141 + 22 + 22 + 21 2014 14+2+2+2
111 + 52 + 22 + 21 208 11+5+2+2
82 + 81 + 22 + 21 202 8+8+2+2
81 + 52 + 52 + 21 1812 + 22 8+5+5+2
81 + 22 +    + 22 + 21 186 + 22 8 + 2 + 2 +    + 2
52 + 52 + 22 +    + 22 + 21 164 + 44 5+5+5+5
52 + 52 + 52 + 51 156 + 52 5 + 5 + 2 +    + 2
22 +    + 22 + 21 142 + 66 2 + 2 +    + 2
In order to do that we dene
Cj;k = f(ak + rj)rj 2M0ja>0; r>1g:
We have to observe that this set Cj;k is, in fact, the set Ai;j; k; l for i=2k − j− 1 and
l= k.
Dening g(n) as the number of partitions of n with parts congruent to j (mod k)
and >j we have:
Theorem 4. Let c(n) be the number of partitions of n in distinct parts belonging
to Cj;k such that when  = (ak + rj)rj and  = (bk + sj)sj are consecutive parts;
>; a>b+ s. Then for j; k>1 we have
c(n) = h(n) = g(n):
Proof. The fact that h(n) = g(n) follows from (4.1) and (3.5) and the equality c(n) =
h(n) from Theorems 1 and 3.
Table 1 has the partitions of 20 for j = 2 and k = 3 when i = 2k − j − 1.
5. Special cases
If we take i = 0; j = 1; k = 2 and l= 1 in Theorem 1 we have
1X
n=0
qn
2
(q; q)2n
=
1X
n=0
f(n)qn:
Considering that, by identity 79 of Slater [8], this sum is equal to:
1Y
n=1
(1− q20n−8)(1− q20n−12)(1− q20n)(1 + q2n−1)
(1− q2n) ;
we have the following theorem:
Theorem 5. For i = 0; j = 1; k = 2 and l = 1 the number of partitions of n in parts
that are distinct odd or even 6 0;8 (mod 20) is equal to f(n).
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We illustrate this for n= 7:
77 7
75 6 + 1
73 5 + 2
71 4 + 3
64 + 11 4 + 2 + 1
62 + 11 3 + 2 + 2
51 + 22 2 + 2 + 2 + 1
We mention now an interesting case that we get by taking i = 2; j = 1; k = l= 2 in
Theorem 4. In this case we have the identity
1X
n=0
q2n
2−n
(q; q)2n
=
1
(q; q2)1
and from our Theorem 4 we get, by using Euler’s theorem, the following result:
Theorem 6. The number of partitions of n into distinct parts is equal to c(n) for
i = 2; j = 1 and k = l= 2.
We illustrate this for n= 8:
88 8
86 7 + 1
84 6 + 2
82 5 + 3
73 + 11 5 + 2 + 1
71 + 11 4 + 3 + 1
Now, by taking i = j = 1 and k = l= 2 in (2.1), we get:
1X
n=0
q2n
2
(q; q)2n
which, by identity (39) of Slater [8], is equal to:
1Y
n=1
(1 + q8n−3)(1 + q8n−5)(1− q 8n)
(1− q2n) :
For the case we are considering, the set of partitions enumerated by h(n) in our The-
orem 2 is exactly the same as C2;2(n) given in Theorem 1 of Andrews and Santos [4]
that is:
\the number of partitions of n wherein: 2 appears as a part at most 1 time,
(b) the total number of appearances of 2j and 2j+ 2 together is at most 1 and
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Table 2
3 + 3 + 2 + 2 10 10 1010
5 + 5 6 + 4 8 + 2 108
5 + 3 + 2 6 + 2 + 2 6 + 2 + 1 + 1 106
4 + 4 + 2 5 + 3 + 2 4 + 3 + 3 104
4 + 3 + 3 4 + 4 + 2 3 + 3 + 2 + 1 + 1 102
4 + 2 + 2 + 2 4 + 2 + 2 + 2 3 + 2 + 1 +    + 1 84 + 22
2 +    + 2 2 +    + 2 2 + 1 +    + 1 82 + 22
(c) 2j + 1 is allowed to appear (and may be repeated if it appears) only if the
total number of appearances of 2j and 2j + 2 together is precisely 1"
and from these results we have proved the following theorem:
Theorem 7. The number of partitions of n into parts that are either even but 6
0;6; 8 (mod 16) or odd and  3 (mod 8) is equal to the number of partitions of n
into parts that are even but 6 0 (mod 8) or distinct; odd and  3 (mod 8) and this
number is; also; equal to h(n) and f(n).
(This comes from (2.1) for i = j = 1 and k = l= 2.)
Table 2 has the partitions of 10 in the order presented in Theorem 7.
We mention now a very interesting case. For j = k = 1 in (4.1) we get
1X
n=0
qn
2
(q)2n
=
1
(q)1
:
From this identity and our Theorem 4 we have a new interpretation for partitions of
n with the same cardinality of the unrestricted partitions of n, that is p(n).
It is easy to see that C1;1 =M0 and that the restriction given for c(n) in Theorem 4
is, in this case, given by: if Ar and Bs are consecutive parts, A>B, then A>B+ r.
With these observations we have the following theorem.
Theorem 8. The number of unrestricted partitions of n; p(n); is equal to the number
of partitions of n with parts in the multiset M0 such that if Ar and Bs are consecutive
parts; A>B; then A>B+ r.
Table 3 lists the two sets of partitions for n= 6.
We mention that there are more sums in the literature that can be interpreted by
our results by particular values of the parameters i; j; k and l. For instance, the case
i =−1; j = 1; k = 2 and l= 1 give us a combinatorial interpretation for identity (99)
of Slater [8] which can be written as
1X
n=0
qn(n+1)
(q; q)2n
=
Y
n60;1;8;9;10 (mod 20)
(1− qn)−1:
This is one of the identities of Slater related to the Baxter’s hard-hexagon model in
statistical mechanics. For more details see [3].
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Table 3
p(6) c(6)
6 61
5 + 1 62
4 + 2 63
4 + 1 + 1 64
3 + 3 65
3 + 2 + 1 66
3 + 1 + 1 + 1 53 + 11
2 + 2 + 2 52 + 11
2 + 2 + 1 + 1 51 + 11
2 + 1 + 1 + 1 + 1 41 + 21
1 + 1 + 1 + 1 + 1 + 1 41 + 22
6. For further reading
The following reference is also of interest to the reader: [1].
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